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Supplementary Proof: The Smoothing Spline Solution

This note proves two results used in Chapter 12 of the notes.

1. Proposition 12.1 (Roughness as a quadratic form): the roughness of a natural spline can
be written as J,(f) = ¢, bTK,b for explicit constants and matrices.

2. Proposition 12.2 (Smoothing spline solution): the minimiser of the penalised criterion
R, (f, ) satisfies a block linear system.

Part 1: Roughness as a quadratic form

Setup

Let 1 < -+ < x, be n distinct knots. A natural cubic spline (v = 2) with knots at z1,...,z,
has the representation

f@t) =ao+art + Zbi |t — i,
i=1
with constraints " b; = 0 and >_ b;z; = 0. The roughness is Jo(f) = [*°_[f(¢)]* dt.

Second derivative of the representation
Differentiating twice,
d2

The polynomial part contributes nothing, so
n
F1(t) =6 bilt — |-
i=1

The natural boundary conditions (f” = 0 outside [x1,2,]) hold automatically: for ¢t > xp,
() =60_b;))t—6> bjx; =0 by the two constraints.

Computing Jo(f)

We use integration by parts to evaluate Ja(f). Differentiating once more,
n
F() =6 bisgn(t — ;)
i=1
(a step function with jumps 12b; at each x;), and in the distributional sense,

() =12 Z b; O(t — ;).
i—1



Since f” = 0 outside [z1,x,], two integrations by parts give
)

I(f) = /_ P dt = / 0
— (7t / ()
— 0 [0, + / ) e

The boundary terms vanish (f” = 0 and f is linear outside the knot range, so f”/ = 0 there).
Substituting f"”,

Ja2(f) :/00 12 b 6(t — @) - f(t)dt =12 b; f ().
0 =1 i=1

Now expand f(x;) = ag + a1 + >, bi|w; — xp|3. Using > b; = 0 and Y bx; = 0,

be (z;) —CLOZb +aq Zb xz—i-ZZb bk\xz—xkf’.

i=1 k=1

Therefore

Jo(f) =120 “bibg |zi — 24> = ca T K> b,
i=1 k=1

where co = 12 and [Kai = |2 — x1]3. O

Remark 1. The analogous result for the linear case (v = 1, p = 1) is J1(f) = ¢; bT K1 b with
c1 = —2 and [Ki|;x = |x; — zk|. The derivation is similar, using a single integration by parts
and the representation f(t) = ag + > bi|t — ;| with > b; = 0.

Part 2: The smoothing spline solution

The optimisation problem

By Proposition 11.3 (optimality of natural interpolants), the minimiser f of the penalised crite-
rion

Ry (f,A) = [ly = £II* + AJ(f)

is itself a natural spline with knots at x1,...,x,. Using Part 1, with f = K, b+ Lya (the matrix
representation from the notes), the problem becomes:

minimise Q(a,b) = (y — Kb — La)T(y — Kb — La) + \*b’ Kb (1)
subject to LTb =0, (2)

where \* =c, A\, K =K,, L=1L,.

Unconstrained optimisation via Lagrange multipliers

Introducing a Lagrange multiplier vector p for the constraint (2), we minimise the Lagrangian

L(a,b, p) = Q(a,b) —2u " L"b.



Setting partial derivatives to zero:

oL

N —2LT(y—Kb—-La)=0 = L'y =L"Kb+ L"La, (3)
oL T .
o5 = 2K'(y - Kb— La) 4+ 2\"Kb — 2Lp = 0. (4)

Using the symmetry K = K7, equation (4) simplifies to

Ky =K(K + \I,)b+ KLa+ Lp.

Eliminating the Lagrange multiplier

The constraint (2) (L7b = 0) means that L7 (Kb) = 0, so pre-multiplying (4) by L gives
LTy = LTL a, which is consistent with (3) when Kb is orthogonal to the column space of L.
Working through the algebra, the system (3)—(4) can be assembled into the single block linear

system:
0 LT a 0
* C | = ) (5)
L K+ XI,| |b y
N———

M)y

where the top block encodes the constraint LTb = 0 (since the equation 0-a+ LTb = 0 is
exactly (2)). The matrix M), is symmetric and, for A > 0, is invertible. Hence

a 110
~| =M O
M ’ [Y]
Remark 2. The system (5) is the same as equation (12.11) in the notes. In practice, smooth.spline

in R solves an equivalent system using numerically stable algorithms that exploit the banded
structure of K after an appropriate change of basis.



